Abstract. We present the consistent theory of a free massive spin-2 field with 5 degrees of freedom propagating in spacetimes with an arbitrary geometry. We obtain this theory via linearizing the equations of the ghost-free massive gravity expressed in the tetrad formalism. The theory is parameterized by a non-symmetric rank-2 tensor whose 16 components fulfill 11 constraints implied by the equations. When restricted to Einstein spaces, the theory reproduces the standard description of massive gravitons. In generic spacetimes, the theory does not show the massless limit and always propagates five degrees of freedom, even for the vanishing mass parameter. We illustrate these features by an explicit calculation for a homogeneous and isotropic cosmological background. It turns out that the spin-2 particles are always stable if they are sufficiently massive, hence they may be a part of the Dark Mater.
Introduction
Equations of massive fields of spin 0, 1/2, 1, 3/2 in Minkowski space (the Klein-Gordon, Dirac, Proca, Rarita-Schwinger) directly generalize to curved space, but for the massive spin-2 field this does not work. The Fierz-Pauli (FP) theory of massive gravitons [1] generalises to curved space only for special spacetimes: Einstein spaces, whose Ricci tensor is proportional to the metric, R µν = Λg µν [2] [3] [4] . In an arbitrary spacetime the theory shows six instead of five dynamical graviton polarizations, the extra polarization state being ghost-type. This feature was for a longtime thought to be inevitable [5] , hence all applications of the massive spin-2 field have been limited only to Einstein spaces.
Quite recently, a consistent theory of a free massive spin-2 field has nevertheless been constructed [6] [7] [8] by applying the methods of the dRGT ghost-free massive gravity theory [9] 1 . The dRGT theory propagates 5 polarizations at the non-linear level and contains the physical metric g µν and a reference metric f µν . The procedure of [6] [7] [8] was to linearize the dRGT field equations with respect to the perturbations δg µν ≡ h µν and then replace in the obtained linear equations the reference metric f µν by the expression obtained by resolving the background non-linear equations with respect to f µν . This yields linear equations for the symmetric tensor h µν and the coefficients in these equations are determined only by the background metric g µν . For any background these equations imply 5 constraints reducing the number of propagating degrees of freedom (DoF) to 5 = 10 − 5 [6] [7] [8] .
Unfortunately, the mass term for h µν obtained in [6] [7] [8] is rather complicated and even the very demonstration of the existence of the scalar constraint removing the sixth polarization requires tedious calculations. This can be traced to the following fact. The dRGT mass term [9] is expressed in terms of the tensor γ which can be viewed as the so-called Sylvestre matrix equation determining δγ µ σ in terms of δg µν . Its solution exists (generically) but is rather involved, which is why the mass term in the resulting equations has a very complicated structure [6] [7] [8] .
One may think that the situation can be improved by choosing δγ µ σ as fundamental variables describing the perturbations and then to use (1.2) to express δg µν in terms of δγ µ σ . However, the kinetic term of the resulting equations turns out to be very complicated in this case. Therefore, a different approach is needed.
In what follows, we reconsider the procedure of [6] [7] [8] within the tetrad formulation of the dRGT theory 2 [11, 12] instead of the metric formulation considered in [6] [7] [8] .
Within the tetrad formulation, the two metrics of the dRGT theory are decomposed with respect to tetrads e which is related to the symmetric tensor used in [6] [7] [8] via h µν = X µν + X νµ .
After having derived the equations for X µν , we can completely forget their tetrad origin and use only the standard tensor language. As a result, we obtain linear equations for a non-symmetric tensor field X µν propagating in a spacetime with the metric g µν . We use these equations to describe the massive spin-2 field. At first glance, using non-symmetric tensors may seem odd. However, our equations turn out to be quite simple and they immediately imply 11 contraints, hence among 16 components X µν there are only 5 = 16−11 independent ones. This matches the number of polarizations of massive spin-2 particles. In particular, the absence of the sixth polarization is easy to see in our theory.
The consistency of the linearization procedure requires that the background dRGT equations should be fulfilled as well, which can be achieved by adjusting the reference metric, hence f µν becomes a function of g µν . This gives a consistent theory of the massive spin-2 field for any g µν . The theory is not unique since the background dRGT equations, viewed as algebraic equations for f µν , may have several solutions for a given g µν . This determines several possible mass terms, hence several different theories. In general, the mass term depends non-linearly on the background Ricci tensor R µν , but there exist special cases in which this dependence is linear. This corresponds to two special theories, called below models I and II.
Summarizing, we shall present in what follows a consistent theory for a free massive spin-2 field in an arbitrary spacetime expressed in terms of a non-symmetric tensor X µν . Our theory turns out to be simpler than the one of [6] [7] [8] expressed in terms of h µν = X µν + X νµ . Our theory and the one of [6] [7] [8] are presumably equivalent since they are both obtained in a similar way from the dRGT theory, but the equivalence is not manifest since it is difficult to perform the inverse transformation to express X µν in terms of h µν . It would probably be correct to say that the two theories should be equivalent generically, up to exceptional cases where the inverse transformation from h µν to X µν degenerates. This corresponds to the fact that the metric and tetrad formulations of the dRGT theory are equivalent generically, but the equivalence may be lost for exceptional parameter values comprising a zero measure set in the whole parameter space [13] .
Although one may view our spin-2 particles as massive gravitons, we rather prefer associate gravitons with the quanta of the background metric g µν . In fact, after having derived its equations, we may totally forget about its relation to gravity and consider the X µν field as describing spin-2 massive "mesons" propagating in a curved spacetime. Depending on our choice, this field may or may not interact with other matter fields, although its always interacts with the background gravity. Our primary goal was to construct the consistent mathematical description for this field, while its interpretation and possible physical applications may be different.
The rest of this text is organized as follow. In Sections II and III we present the equations of the dRGT massive gravity in the tetrad formalism and describe their linearization with respect to the tetrad perturbations. The tetrads appear in the coefficients of the resulting linear equations, but they can be eliminated by using the background field equations. As a result, after having used them as the technical tool, we can get rid of the tetrads altogether and consider the theory of a non-symmetric tensor field X µν propagating in a curved spacetime. Section IV contains the analysis of constraints implied by the equations for X µν and shows that there are only 5 propagating DoF. Section V presents two simple versions of the theory, called model I and model II, for which the mass term is linear in R µν . Sections VI and VII show how these two models behave in Einstein spaces and in the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) universe. In the latter case the massive spin-2 particles are found to be stable, at least at late times, hence they could potentially contribute to the Dark Matter. The backreaction of the massive spin-2 field on the background geometry is discussed in Section VIII, while Section IX contains a brief summary of results. Many technical details are explained in the five Appendices.
A short version of this text can be found in [14] .
The dRGT massive gravity
The dRGT theory [9] is expressed in terms of the dynamical spacetime metric g µν and a non-dynamical reference metric f µν . The latter can be arbitrary, for example flat, but it is convenient for our purposes not to specify it for the time being. The two metrics can be decomposed with respect to two tetrads e a µ and φ a µ as
where
The inverse metrics are One denotes
The action of the theory is
where M Pl is the Planck mass and the potential is U = U 0 + U 1 + U 2 + U 3 with
Here β A are parameters with the dimension (mass) 2 ; we assume 0123 = 0123 = +1. Let us vary the action with respect to the tetrad e a µ . One has and similarly for the other δU A . As a result, one obtains
with G ab = e 
Here we introduced the mutually inverse matrices 14) and denoted the determinant and trace 3 as
The matrix indices are moved by η ab , for example
Vanishing of the variation of the action gives the dRGT field equations, 16) or explicitly
Taking their antisymmetric part yields
Since the matrices γ ab and Γ ab are position-dependent, these conditions can be fulfilled in the generic case if only γ [ab] = 0 and Γ [ab] = 0. Therefore, matrices γ ab and Γ ab are symmetric,
Exceptionally, for special values of the parameters β A , there could be special solutions of the equations for which γ [ab] = 0 and Γ [ab] = 0 but the conditions (2.18) are still fulfilled 4 . However, such cases are very special [13] while for generic solutions of the equations the matrices γ ab and Γ ab are symmetric, which we shall always assume in what follows. 3 Later we shall sometimes use the hat for matrices, for exampleγ = γ 
E ab and the dots denote, respectively, terms which are zeroth order, first order, and higher order in δe E ab = 0. Therefore, neglecting the higher order terms, the equations reduce to
To compute δE ab one represents the tetrad perturbation as
3)
It follows that It follows also that
where [X] = X a a . As a result, the perturbation equations read
where δG ab are perturbations of the tetrad projections of the Einstein tensor and
where δM 
whereas δM (0) ab = 0. We shall later need M (2) ab and δM (2) ab and also M (3) ab and δM (3) ab expressed entirely in terms of γ ab instead of Γ ab . Such expressions can be obtained by applying the Hamilton-Cayley relation valid for any 4 × 4 matrixÂ:
where e 0 (Â) = 1 while the other coefficients are the symmetric polynomials of the eigenvalues λ a ofÂ,
One has
and hence
(3.14)
Applying this toÂ = Γ
Varying the expression in the second line here yields
Similar manipulations with the Hamilton-Cayley relation yield 17) which determines also the coefficients in δM (3) ab in (3.9).
Eliminating the tetrads
Summurizing the above discussion, the equations for the tetrad perturbations are given by (3.7)-(3.9). They have been obtained within the tetrad formalism and they are expressed in terms of tetrad projections. However, after having obtained these equations, we can now eliminate the tetrads altogether from their coefficients and pass to the standard tensorial description. The first step is to transform the equations to
The kinetic term here is 
The variation of the Einstein tensor δG µν in terms of h µν = δg µν is well known,
where ∇ µ is the usual covariant derivative with respect to the Christoffel connection. At the same time, one has
Inserting everything to (3.19) yields the kinetic operator in the form not containing any reference to the tetrads,
with
Next, the mass term is
where, using (3.9) and (3.16),
µν can be expressed entirely in terms of γ µν , but we shall rather need it expressed in terms of Γ µν .
The coefficients in (3.26) still depend on the tetrads via combinations
Now, the crucial point is that these quantities can be obtained from the background equations. Let us remember that we are expanding the field equations as expressed by (3.1) and that the zeroth order term in this expansion should vanish for the procedure to be consistent. Hence the background equations should be fulfilled. We also remember that up to now γ µν and Γ µν have essentially remained undetermined since the tetrad φ µ a has never been specified. On the other hand, the background dRGT equations (2.17) read
and these can be viewed as algebraic conditions determining γ µν and Γ µν in terms of the background metric g µν and its Einstein tensor G µν . The idea therefore is to fulfill the background equations not by solving them for g µν but by adjusting γ µν , Γ µν for a given g µν . These equations can also be represented as follows. The identities (3.15) and (3.17) yield
where e A (γ) ≡ e A (γ µ ν ). In view of this, (3.28) can be represented in the form containing only γ µν ,
For any value of the background metric g µν , these can be viewed as cubic algebraic equations for γ µν . Therefore, there can generically be up to three different real solutions for γ µν . Since apart from γ µν equations (3.30) contain only g µν and R µν , the solutions should be expressed solely in terms of powers of the latter, hence they should have the structure
Injecting this to (3.30) , eliminating the higher powers of R µν with the Hamilton-Cayley relation (3.10), and then setting to zero the coefficients in front of g µν , R µν , (R 2 ) µν , (R 3 ) µν , yields a system of cubic algebraic equations for the coefficients y m (see Appendix A). These equations will also contain the parameters β A and the invariants (3.11) of the Ricci tensor e k (R µ ν ), hence their solution will be
Here the index n = 1, 2, 3 counts different solutions (some of them can be complexvalued and should be rejected). Injecting everything to (3.25) yields the mass term M µν with the similar to (3.31) structure, with
Summarizing the above discussion, the background non-linear dRGT equations are now fulfilled for arbitrary background geometry g µν , at the expense of adjusting the reference metric. The linear perturbations of the background are described by equations
Here the kinetic term ∆ µν is given by (3.24) while the mass term M µν is obtained by algebraically resolving (3.28),(3.30) with respect to γ µν and Γ µν and injecting them into (3.25) , with the result of the form (3.33). The resulting mass term will depend on parameters β A , in addition, there could be several different mass terms corresponding to different solutions (3.32). Each mass term defines its own theory of the massive spin-2 field. No trace of the tetrads is left: equations (3.34) describe the tensor field X µν evolving in the spacetime and their coefficients depend only on g µν and R µν . We shall now see that these equations propagate the correct number of degrees of freedom.
Constraints
There are 16 components of X µν subject to 16 equations E µν = 0. The essential point is that the equations imply 11 constraints which reduce the number of independent component of X µν to 5.
Algebraic constraints
As the operator ∆ µν is symmetric with respect to µ ↔ ν, the antisymmetric part of the equations E [µν] = 0 yields 6 algebraic conditions M [µν] = 0, hence
These conditions actually follow from the symmetry of γ µν and Γ µν . Indeed, since these matrices are always symmetric, their perturbations should be symmetric as well,
and using (3.6) this translates to
which implies (4.1). It is worth noting that there are only 6 independent conditions here, since (4.3) and (4.4) follow from each other. For example, conditions (4.3) are fulfilled by setting
and then conditions (4.4) are fulfilled automatically. The latter representation suggests that S µν could be used as the variables instead of X µν . However, the kinetic term ∆ µν becomes very complicated when expressed in terms of S µν . The same happens if one uses δγ µν as the variables 5 . The kinetic term remains simple if one uses h µν = X µν + X νµ to parametrize the theory -the choice of [6] [7] [8] . However, the mass term M µν then becomes extremely complicated [6] [7] [8] . We therefore prefer using as variables the 16 components of X µν subject to 6 conditions (4.3), since both the kinetic and mass terms are then relatively simple.
Additional constrains on X µν are obtained by differentiating the equations.
Vector constraints
These are
Using the formulas for commutators of covariant derivatives,
a direct calculation yields the following result for the divergence of ∆ µν defined by (3.24):
Using the background field equations (2.16), the Einstein tensor is
ab given by (2.13). Inserting this to (4.8) and (4.6) yields
with (A = 1, 2, 3)
These quantities contain only the tensor X µν and its first derivatives. Let us compute them explicitly.
β 1 -sector
inserting which to (4.11) and defining
ν . (4.14)
β 2 -sector
Introducing
Injecting to (4.11) and defining
ν . (4.19)
β 3 -sector
ν . 
These quantities vanish on-shell, where E µν = 0, which yields 4 relations between X αβ and ∇ σ X αβ , hence 4 constraints for the initial data. Together with the 6 algebraic constraints (4.3), this reduces the number of DoF contained in X αβ to 16 − 6 − 4 = 6. It is also possible that C ν may vanish off-shell, for any X µν . One has
with 25) hence C ν will vanish identically if the background is such that A hence the background is an Einstein space. Therefore, the massive spin-2 field can become massless only in Einstein spaces. For any other background it always carries 5 (as we shall now see) degrees of freedom.
Scalar constraint
Let us return to the quantities C (A) ν computed in (4.14),(4.19),(4.22) and differentiate them.
β 1 -sector
We notice that the part of C (1) ν containing the derivatives of X µν is proportional to the matrix γ νβ (see (4.14) ). Therefore, multiplying by the inverse matrix Γ σν and acting with ∇ σ yields 27) where
On the other hand, taking the trace of the equations gives
Therefore, the combination
does not contain second derivatives of X µν .
β 2 -sector
The part of C
ν containing the derivatives of X µν in (4.19) is also proportional to the matrix γ νβ . This yields
On the other hand, one has
As a result, the sum
β 3 -sector
Using (4.22) yields
(4.36) with
Now, the right hand side in (4.36) does contain the second derivatives of X µν , but the second time derivatives are contained only in
The second derivativesẌ ik can be expressed from the field equations. The definition of ∆ µν in (3.24) implies that
00 is the inverse of g ik and the dots denote terms not containingẌ µν . Inverting this relation yields
has precisely the same second time derivatives as (4.38). Noting finally that
it follows that the quantity
does not containẌ µν . This quantity is not generally covariant and depends on the time choice, but for any such a choice the second derivatives with respect to the corresponding time coordinate cancel each other.
Summing up the above expressions (4.29),(4.34),(4.43) for C (A) 5
we obtain
This does not containẌ µν and vanishes on-shell. Hence this is an additional constraint on the initial data that reduces the number of DoF from 6 to 5. It is remarkable that in our theory this constraint can be expressed in a simple and covariant (for β 3 = 0) form. This constraint can also be rewritten as
where the coefficients A λσαβ , B σαβ , and C αβ are given in Appendix B. If all these coefficients vanish then the background is partially massless (PM) since the constraint then generates gauge transformations and there remain only 4 dynamical DoF. The PM backgrounds can be Einstein spaces, but it seems this is not the only possibility [16] 6 .
As the final remark, we notice that our expression for the scalar contraint can be applied also within in the original non-linear dRGT theory. In fact, the existence of the scalar constraint in this theory can be shown within the Hamiltonian approach, but this requires tedious calculations [17] . However, since the background dRGT equations E µν = 0 in (3.28) are linear in the second derivatives, the latter are exactly the same as in the linearized equations E µν = 0 expressed by (3.34) . Therefore, simply replacing in (4.44) E µν by E µν yields the expression not containing the second (time) derivatives of the metric g µν ,
This is the scalar constraint in the dRGT theory.
Two special models
Summarizing the above discussion, massive spin-2 particles in curved space can be described by a non-symmetric tensor X µν that fulfills equations (3.34) where the kinetic term ∆ µν and the mass term M µν are defined by (3.24) and by (3.25) . The equations imply 6 algebraic conditions (4.3) and five differential constraint (4.23) and (4.44) which reduce the number of independent components of X µν from 16 to 5. This matches the number of polarisations of massive spin-2 particles. The background geometry can be arbitrary. The mass term M µν depends on it via matrices γ µν and Γ µν algebraically related to the background metric and R µν by conditions (3.28) or (3.30). The dependence of M µν on R µν is in general non-linear, but it becomes linear in two special cases that we call model I and model II. These two models will be discussed in the rest of the text.
Model I
Setting in (3.28) β 2 = β 3 = 0 one obtains
from where
Injecting this to (3.26) yields the mass term
plays the role of the FP mass. Notice that the dependence on β 1 has gone. The field equations are E µν ≡ ∆ µν + M µν = 0 with ∆ µν given by (3.24) . It is worth checking again the constraints. The asymmetric part, E [µν] = 0, yields 6 algebraic conditions
Taking the divergence of E µν and defining
yields (see Appendix C) four vector constraints,
Multiplying this by the inverse (γ −1 ) ρν of γ ρν and taking the divergence again yields (see Appendix C) the fifth constraint,
Model II
Getting back to dRGT equations (3.28) for generic β A and setting β 1 = β 2 = 0 yields
with the FP mass
Injecting (5.12) to (3.34) yields the equations. Taking again the asymmetric part of the equations, E [µν] = 0, yields 6 algebraic conditions
while taking the divergence of E µν yields (see Appendix C) the vector constraints
Multiplying this by γ ρν = g ρα g νβ γ αβ (not to be confused with the the inverse (γ −1 ) ρν ), taking the divergence and combining with the equations yields (see Appendix C)
This does not containẌ µν hence this is a constraint.
Action
Equations E µν = ∆ µν +M µν = 0 with M µν given either by (5.3) (model I) or by (5.12) (model II) can be obtained by varying the action
(notice the order of indices). One can split the Lagrangian into the kinetic term and the potential term, 19) where, after integrating by parts, the kinetic term is
with h µν = X µν + X νµ and h = h α α . The potential term in model I is
and in model II
the order of indices being important. One can directly check that varying the action with respect to X µν yields the field equations,
Varying with respect to the metric gives the energy-momentum tensor,
Massive spin-2 field in Einstein spaces
We shall now study the equations in models I and II for specific backgrounds. To begin with, we show that if the background is an Einstein space, hence R µν = Λg µν , then the equations E µν ≡ ∆ µν + M µν = 0 reproduce the standard description of massive gravitons. Indeed, then in both models the tensor γ µν becomes proportional to the metric and the conditions (5.6),(5.15) yield X µν = X νµ . Equations reduce to
where the Higuchi mass [4] is model I:
The operator ∆ µν in (6.2) is divergence free, ∇ µ ∆ µν = 0 (see Appendix C), and is invariant under
For M H = 0 this becomes the gauge symmetry of the equations which describe in this case massless gravitons with two polarizations. If M H = 0 then, taking the divergence of (6.1), yields four constraints
Using them reduces equations (6.1) to
5) The trace of these yields (2Λ − 3M 
Due to this gauge symmetry there remain only four degrees of freedom. This corresponds to the partially massless (PM) case [4] . We conclude that our theory successfully reproduces the standard properties of massive gravitons in Einstein spaces.
Massive spin-2 field in expanding universe
Let us now assume the background metric g µν to be a solution of the Einstein equations
where T (m) µν is the energy-momentum tensor of some matter source. Choosing the geometry to be homogeneous and isotropic of the spatially flat FLRW type,
while the matter to be a perfect fluid,
, the Einstein equations (7.1) reduce to
where H =ȧ/a is the Hubble parameter. We wish to construct the general solution of E µν ≡ ∆ µν + M µν = 0 with ∆ µν given by (3.24) and M µν defined either by (5.3) or by (5.12) on the cosmological background (7.2). The general solution for X µν can be represented in this case as
where the Fourier amplitude splits into the sum of the tensor, vector, and scalar harmonics:
Since the spatial part of the background Ricci tensor is proportional to the unit matrix, R ik ∼ δ ik , the algebraic constraints (5.6),(5.15) imply that X ik = X ki hence X µν has in this case only 13 independent components. Assuming the spatial momentum k to be directed along the third axis, k = (0, 0, k), the harmonics can be parameterized as
where D ± , V ± , S, W ± ± , S ± ± are functions of time. Injecting everything to E µν = 0, the equations split into three independent groups -one for the tensor modes X (2) µν , one for the vector modes X In the tensor sector everything reduces to two separate second order equations for D + and D − describing the two tensor polarizations. In the vector sector the four amplitudes W ± ± can be expressed by virtue of the field equations (see Appendix D) in terms of V + and V − which fulfill two separate second order equations describing the two vector polarizations.
Most importantly, one finds that in the scalar sector the four S ± ± can be expressed (see Appendix D) in terms of one single amplitude S that fulfills a separate second order equation. Therefore, there is only one scalar polarization, hence there are altogether 5 DoF.
Injecting everything into the action (5.18), it splits into the sum of five terms of the form
For the tensor modes one has Y = D + or Y = D − and
Here and in what follows we denote, depending on the model,
Here M eff is the effective mass of the spin-2 particles, while m H reduces to the Higuchi mass M H in the Einstein space limit, when ρ = −p = Λ. We notice that the effective mass depends on the background matter and in model I the spin-2 particles effectively become heavier in regions of higher background energy density ρ. A similar phenomenon is observed in the context of the massive bigravity theory [18] . In model II, curiously, M 2 eff decreases and may become negative when p grows. For the vector modes one has Y = V + or Y = V − and, defining = ρ + p,
where c is the sound speed. One finds for the tensors, vector and scalars, respectively,
The above formulas then imply that if M H = 0 then K (0) = K (1) = 0, therefore the scalar and vector sectors become non-dynamical and only the tensor modes propagate. The massless theory is recovered in this way. If 0 < M H < M PM then K (0) < 0 (for k → ∞) and the scalar polarization becomes a (Higuchi) ghost [4] . If M H = M PM then K (0) = 0 and the scalar polarization is non-dynamical (the PM case).
All these features are well known for massive gravitons in Einstein spaces. However, for generic backgrounds, where ρ, p are not constant, m H and H become functions of time, and it is not possible to have K (1) = 0 or K (0) = 0 for all time moments, whatever the value of the FP mass M is. Therefore, neither the massless nor PM cases are contained in the theory for generic backgrounds -the theory always propagates five polarizations. At most, there could be special backgrounds where spin-2 particles become massless or PM for some values of M .
A direct inspection of Eqs.(7.10)-(7.13) shows that if ρ is small,
Pl ), then K > 0 (for k → ∞) and c 2 > 0, hence the system is free of ghosts and tachyons. The situation is more complex for large ρ. In model I the kinetic term K (0) changes sign for ρ > 3M 2 since m 2 H < 2H 2 in this case, which corresponds to the Higuchi ghost. However, c 2 (0) also changes sign at the same time (unless for p/ρ = −1) so that the ghost and tachyon "compensate each other", only changing the overall sign of the action. In model II one always has m 2 H > 2H 2 and the Higuchi ghost is absent, but since M 2 eff may be negative, there could be tachyons in the vector sector. However, one finds in this case that K > 0 (always for k → ∞) and that c 2 > 0 for any ρ, provided that p/ρ < −2/5. Therefore, model II is stable during the inflationary stage, whereas model I is stable if the graviton mass is large enough, M ≥ H. Estimating that ρ ≈ (10 16 GeV) 4 at the beginning of the radiation-dominated stage [19] , it follows that for M ≥ 10
13 GeV one would have ρ ≤ M 2 , and hence both models I and II would be stable at all times after the inflation.
A much milder bound M ≥ 10 −3 eV is needed to insure that both models are stable at present, that ρ is small. Assuming that the X µν field couples only to the gravity and hence does not have other decay channels, it follows that it could be a part of the Dark Matter at present. Massive spin-2 particles as the DM candidates have actually been considered before [20] [21] [22] [23] , but only our description is consistent for arbitrary backgrounds.
One should also say that the recent LIGO data [24] imply that the graviton mass should be sufficiently small -less than 10 −22 eV [25] . This seems to be in conflict with our estimate M ≥ 10 −3 eV. However, the observational bound applies rather to the mass of quanta of the background metric g µν and not to that of X µν . As was mentioned above, it is consistent to consider X µν as describing massive "mesons" which may be not directly interacting with the ordinary matter and hence not seen by the LIGO detector. Therefore the bound does not apply to the FP mass M .
It is also worth emphasising that, since for the cosmological background there are no ghosts and tachyons, there is no superluminality problem in this case [26] .
Backreaction of massive spin-2 field
Apart from cosmology, the theory of massive spin-2 field in curved space can have other applications. For example, it can be used for the holographic description of superconductors [27] or electron-phonon interactions [28] . Up to now all applications have always been restricted to the Einstein spaces, but in our theory this is no longer necessary.
We have always assumed the background geometry to be fixed -for example determined by Einstein equations with some matter source. At the same time, the massive spin-2 field can itself be the matter source affecting the background. To calculate its backreaction, one adds the Einstein-Hilbert term to the action (5.18) to obtain
Varying this with respect to the metric and X µν yields the Einstein equations and the equations for X µν to be solved together,
where the energy-momentum tensor T µν is shown in Appendix E. One should stress that, irrespectively of whether it backreacts or not, the X µν field always propagates only 5 DoF.
As the simplest application, we solved equations (8.2) in the homogeneous and isotropic sector, with X µν = X (0) µν given by (7.6) for k = 0. The goal was to see if the cosmology could be driven by the massive spin-2 field alone, as happens in the massive gravity models [29] . However, our result was somewhat discouraging -we found a solution only in model II and only for M 2 < 0: this is the de Sitter space with Λ = −3M 2 > 0. For this to be possible, one should assume M 2 to be negative, but such a theory would be very unstable since, for example, K and c 2 in (7.10)-(7.13) would then be negative too. We therefore conclude that the theory (8.1) cannot mimic a positive Λ-term.
One can also study other solutions of equations (8.2), as for example black holes. Interesting applications could be found in connection with the phenomenon of superradiance of massive fields in the vicinity of spinning black holes [30, 31] (see [32] for a recent review). The superradiance can lead to a spontaneous formation of massive clouds evolving towards stationary hairy black holes [33] . Such a "spontaneous bosonisation" was actually predicted long ago [34] , but only very recently the phenomenon has been confirmed by numerical calculations [35] . For a spin-0 field the superradiance rate is not very high, but it increases with spin [30, 31] , which is why a gravitating complex spin-1 field was considered in [35] . For a massive spin-2 field the superradiance should be faster still and one could expect hairy black holes to form spontaneously.
This suggests considering an extension of the theory (8.1) in which the field X µν is complex-valued,
Here the bar denotes complex conjugation and E µν ≡ ∆ µν + M µν is expressed in terms of X µν by the same formulas as before. We expect this theory to admit stationary axially-symmetric black hole solutions supporting non-trivial massive hair of the form X µν = e iωt+imϕ X µν (r, ϑ), so that there is a time-dependent spinning phase but the field amplitude is stationary. Such fields with spinning phases are sometimes called massive clouds. Stationary black holes with scalar [33] or vector [36] clouds have been constructed explicitly. This suggests that the theory (8.3) could admit stationary black holes supporting tensor spin-2 massive clouds. One may expect such tensor clouds to form spontaneously due to the superradiance of massive spin-2 particles. This process could probably be simulated following the approach of [35] .
Summary
We have constructed the exceptional theory of a free massive spin-2 field in curved space. It is exceptional because it propagates 5 DoF for an arbitrary background geometry, whereas almost all other known theories of this type propagate 5 DoF plus an additional ghostly polarization. Only one other theory is exceptional in the same sense -it was recently constructed in [6] [7] [8] . That theory and our theory are probably equivalent since they are constructed in a similar way, but the equivalence is not manifest since the parameterizations of the two theories are quite different.
Our theory is described by a non-symmetric tensor X µν that fulfills equations ∆ µν + M µν = 0 where the kinetic term ∆ µν and the mass term M µν are defined by (3.24) and (3.25) . These equations imply 6 algebraic background-dependent conditions (4.3) and five differential constraint (4.23) and (4.44) which together reduce the number of independent components of X µν from 16 to 5. This matches the number of polarisations of massive spin-2 particles.
We emphasise once again that the property to propagate 5 (or less) DoF holds in our theory for any background geometry, whereas in the other known models this property holds only in Einstein spaces.
The mass term M µν in our theory depends on four parameters β 0 , β 1 , β 2 , β 3 and on the background geometry via matrices γ µν , Γ µν algebraically related to the background by conditions (3.28) or (3.30) . Resolving the latter with respect to γ µν , Γ µν yields in general several solution branches and hence several different mass terms M µν . In all cases M µν is a linear combination of the background metric and of powers of the background Ricci tensor, as shown by Eq. (3.33) .
Different choices of the mass term correspond to different theories. All these theories propagate 5 DoF but their other properties are not necessarily the same. For two special theories, that we call models I and II, the mass term is a linear function of the background Ricci tensor (Eqs. (5.3),(5.12) ). The only free parameter left in this case is the FP mass M . Within these two models, we constructed the general solution for X µν on a homogeneous and isotropic cosmological background and found this solution to be stable. Therefore, massive spin-2 particles could potentially contribute to the Dark Matter.
Summarizing, we presented the exceptional theory of a massive spin-2 field in curved space parameterized in an unusual way -in terms of a non-symmetric rank-2 tensor. Our main goal was to show that the theory is self-consistent and that the number of independent DoF is indeed 5. We have shown this by counting the constraints and also by counting the independent modes in the general solution.
A Solution for γ µν
Here we illustrate how the background equations (3.30) are solved in the simple case where β 3 = 0. For β 3 = 0 the procedure is similar but the formulas are more complicated. Introducing matricesγ = γ µ ν andR = R µ ν we denote by e k ≡ e k (R) the scalar invariants defined by (3.11) . Equations (3.30) with β 3 = 0 can be written aŝ
Viewed as algebraic equations forγ, their solution has to be of the form 
B Scalar constraint
Here is the off-shell value of the scalar constraint defined by Eq.(4.44), 
D Solution in the expanding universe
Inserting the cosmological metric (7.2) and the harmonic decomposition (7.4)-(7.6) for X µν to the equations E µν ≡ ∆ µν + M µν with ∆ µν given by (3.24) and M µν defined either by (5.3) or by (5.12), the equations split into three independent sectors. The tensor sector contains only two amplitudes D + and D − whose equations can be obtained by varying the effective action (7.7) in the main text.
The vector sector contains 6 amplitudes, 4 of which, W
